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Two-player game

Let S — family of sets in R?, k € N

o = = E A
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Two-player game

S — family of sets in R?, k € N
Let S be the set of all axis-parallel rectangles, k = 2.
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Two-player game

Let S be the set of all axis-parallel rectangles, k = 2.
First, Player chooses a set P of points in general position in the plane

where n is any number. On the picture n = 10:
[ ]
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Two-player game
Let S be the set of all axis-parallel rectangles, k = 2.

Then Spoiler chooses k points on the plane and paints them red.
[ J
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Two-player game
Let R be a set from S which contains maximal amount of only black
points, and does not intersect red points.

In this game we got |R|/n = 4/10 = 2/5 enforced by Spoiler.
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Two-player game

Let £ be the smallest number that Spoiler can enforce for any set of
points chosen by Player.

Player will try to provide a construction of point set which maximizes
game value.

Spoiler should provide red points for any set chosen by Player.
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Epsilon-nets

Definition 1

Let P be an n-point set in R? . Consider a family S of sets in R?. A set
Q C R? is called a weak ¢ — net for P with respect to S, if for any S € S
with [SN P| > en, we have SN Q = @.
Definition 2

Let 0 < 5}8 < 1 denote the smallest real number such that for any finite

point set P C R? there exist i-point set, which is e;s—net for P with respect
to S (S is fixed).
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Epsilon-nets and e}

Suppose that 5 <z 3 < with k points we can restrict the largest

rectangle to contain not more than ki3n points for any set of n points.

What is the optimal size of an e-net in terms of €7

What is the optimal size of a %_H—net? Clearly, not greater than k
k=0(5) = 0(})
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Epsilon-nets and e}

Suppose that 5 <z 3 < with k points we can restrict the largest

rectangle to contain not more than ki3n points for any set of n points.

What is the optimal size of an e-net in terms of €7

What is the optimal size of a %_H—net? Clearly, not greater than k
k=0(5) = 0(})

What is the optimal size of an e-net in terms of &7

The best general known upper bound is O(% log Iog%)
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Nets for axis-parallel rectangles

Let R denote the family of all axis-parallel rectangles.

Theorem
R_1 _R_2 R_2 R<2 R2
€1 =2:62 =5/ 63 =6 & =78 =}
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Nets for axis-parallel rectangles

Let R denote the family of all axis-parallel rectangles.

Theorem
R_1 _R_2 R_2 R<2 R2
€1 =2:62 =5/ 63 =6 & =78 =}
R 2
e It holds ;> < 3 for1 < k<5
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Nets for axis-parallel rectangles

Let R denote the family of all axis-parallel rectangles.

Theorem
R_1 R_2 R_2 R_2 R_2
€] = 2.6 =5,/ 63 =g, 64 =5, 6 <3

oltholdsafgk%ﬂforlgk§5

I It was claimed in 2008 (Dulieu) that el < % and the proof was
computer-based
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Nets for axis-parallel rectangles

Let R denote the family of all axis-parallel rectangles.

Theorem
R_1 R_2 R_2 R_2 R_2
€] = 2.6 =5,/ 63 =g, 64 =5, 6 <3

o It holds ef < 25 for 1<k <5

I It was claimed in 2008 (Dulieu) that el < % and the proof was
computer-based

7 Do these nets have any structure which can be computationally
exploited?
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Nets for axis-parallel rectangles

Let R denote the family of all axis-parallel rectangles.

Theorem
R_1 R_2 R_2 R_2 R_2
€' =72,60 =5, 63 =g, €4 = 7.6 <3

o It holds ef < 25 for 1<k <5

I It was claimed in 2008 (Dulieu) that el < % and the proof was
computer-based

7 Do these nets have any structure which can be computationally
exploited?

? What is the asymptotic behaviour of eX?
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Proof for 1-point net

Place the point g “in the middle”

o = = E A
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Lower bound, 5;2 > %

Suppose ¥ < % For n a multiple of 5, place ¢ points in each of the

rectangles A1 1,A13,A22,A31,As33. It follows that £§ > %

r | [
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oo o | . e o
\ | [
| . . ‘ ‘o . .
TA "~ A - /Pl hi
422,01 | £12,2 | 4123
| l o o © |
\ | [
| [ |
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AT o AL, T /il ho
3,1 o 413,22 | 413,3
[ [ .
. . .
[ .
* | I e .
. [ [
U1 V2

Figure: Red circles are points of Q,
green rectangle contains % points
and avoids Q.
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Upper bound, e < %

R S 9------p, Suppose we are given a set P of n points
} L. } where n is a multiple of 5.
. | One of the sets Q1 = {h1 Nvi, ha N o}
77777 %77717*‘?777777}12 and @ ={hNwv,hNwvn}isa %—net for P.
< ! . For a contradiction, suppose that neither
' : . Q1 nor @ is a %—net for P.
. :vl vgi ' '
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Upper bound, e <

2

hy

Since @4 is not a %—net for P, at least one
of the rectangles Ry and Ry contains more
ha than %

points of P.

o = E A
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Upper bound, e < %

Ry l l
o o . ‘ ‘ . . .
| |
. . ‘ ‘ . .
—————— =]y
| |
{ : : Similarly, because Q> is not a %—net for P,
| at least one of the rectangles R3 and Ry
***** - ----7-----" hy contains more than 2?” points of P.
® |
e e . 0
I [
* | I e .
* I U1 Vg | R4
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Upper bound, e < :

Vladyslav Rachek

2

. For the sake of the argument, suppose
1 that R, and Rj3 each contain at least 2n/5
R points of P.

It follows that R, R, and R3 altogether
ha contain strictly more than

. 2n 2n 4 2n _ ny i
5—1—(5.—.#5 £) = n points, a
- contradiction.
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Lower bound, 5? > %

Ai :A1,2 :A1,3 )
ce e BRI Suppose that et < 2.
R S Let P be the set of n points where nis a
Ay Ve Aas M - : n
SO } multiple of 6, defined as follows: place
.. points inside each of the four rectangles
| * | )
Vs e e /24171, %\1,3,.A3:1,A373, and place the remaining
.. . . % points inside A .
| L
: ’Ul‘ ’U2‘
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Lower bound, 8? > %

P. Since e} < 2, one of the points of the

Apa Ao : Ars
* o . ! . . .
|
. \ . . A R_
S R TR T E ey Suppose there exists a 3-point £3°-net Q for
. ’ . o |
,,,,,,,,,,,,, e R
SO net, say g1 € Q should lie inside A; .
* |
A e (s 2
o« . (S °
! .
[
: U1 ’Ug‘
Vladyslav Rachek On small weak epsilon-nets for axis-parall

October 15th, 2020

14 /33



Lower bound, ef > 2

! !
A | Ar2 A
. o . | |
! !
. |
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As | Ao o |
P e
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I
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Vladyslav Rachek

Furthermore, because each of the outer
points, the net Q
has at least one point |n5|de each of those

strips contains exactly

Tl strips.
Since g is already in Az, it follows that

the remaining two points of Q are placed in

the latter w.l.o.g.
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Lower bound, 6? > %

\ !
A | Ar2 A
. o . | |
! !
0 |
Ao As o |
7 e
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rrrrrrrrrrrr fo----O----p
§ o o |
| o
,,,,, Lo
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. | [
U1 V2
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2n

Since 22 is even, either above or below the

6

horizontal line defined by g; there are at least

& points from Az >. That way, at least one of
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two rectangles contains no fewer than 2n/6
points of P and avoids @, a contradiction.
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Upper bound, e < %

Let P be a set of n points where n is

i._ a » divisible by 6. Choose g1 € Q so that the
| : vertical line v passing through g; has exactly
77777 «‘sq:i ~___ n/3points of P on its left, and the
- .h horizontal line h passing through g; has

exactly n/3 points of P below.
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Upper bound, e < %

j
|

. | - ce Next, let P,pove be the set of all points of
I o M .
| < P above h, and Pyig be the set of all points

. o043 .
S of P to the right of v.
77777 R Let g» be a point which forms a %—net for
. }m .h P.bove, and g3 — a point which forms a
: } %—net for Pright-
. v M
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Upper bound, e < %

|
. 3 0 e Every rectangle avoiding Q avoids g; and
. °. o thus lies entirely inside one of the four open
; : half-planes determined by h or v.
77777 «‘sq e Clearly, any rectangle lying fully below h or
- .h fully to the left of v contains at most %”

points, due to the definition of these lines.
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Upper bound, e < %

L : Any other rectangle which avoids g; must
o em lie either fully above h or fully to the right of
S v, hence the set of points it contains is a
fffff %o ---------;  subset of Pypove or a subset of Pighi,
.o .o respectively.
‘ .
v °
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Upper bound, e < %

Vladyslav Rachek

& . : Since g, and g3 are %—nets for Pypove and
S, o Prignt, respectively, no such rectangle can
o contain more than %” . % = g points of P,
el . - . 2
K R which shows that @ = {q1, g2, g3} is a z-net
| . : for P.
| .
v M
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Upper bound e < %

|
. * (Img‘ .
|

E\é;uemer S grighe B
righ

o .
. left

|

|

|

. ° :

Gottom

|

|

|

v

Let P be a set of n points where 8|n.

Let geenter = h N v.

Let Q = {QCentera left s Qright s Gtop> qbottom}-
Each of the sets Piett, Pright, Prop» Pbottom
contains at most 5 points and if any
rectangle R avoids Q, then the set of points
it contains is a subset of one of the sets
Plefts - -+ 5 Poottom- Since @ contains a %—net
for each of the latter sets, any such rectangle
contains at most % -5 = 7 points of P.
Therefore our set Q is a %—net for P.
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eX <2 -lemma 1

~IN

Lemma 1

If one of the corners determined by the four lines vz, vs, h2 and hs
7 7 7 7

contains at least 7 points of P, then there exists a 4-point %—net for P.

| | | |

| | | |

| | | | . |

| | | | . .
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eX < 2 -lemma 2

~IN

Lemma 2

If one of the corners determined by the four lines vs, va, hs and ha
7 7 7 7

contains at least % points of P, then there exists a 4-point %—net for P.

Vladyslav Rachek
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Proof for the first case, e < %

Suppose that inside middle 3 x 3
rectangle there are at mose 2n/7
points.
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Proof for the first case, e < %

Note that there are exactly 3n/7
points to the left of vs, which passes
7

through g1 and go.
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Proof for the first case, e < %

Note that there are exactly 3n/7
points to the left of vs, which passes
through g1 and go. ’

Therefore we can choose the third
point of a net g3 in a way that any
rectangle to the left of vs and above
or below g3 contains at most 2n/7
points.
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Proof for the first case, e < %

Note that there are exactly 3n/7
points to the left of vs, which passes
7

through g1 and go.

| | | |

| | | |
F=- T: - *:’?11* - T: T T: ----hy Therefore we can choose the third

! | | | , point of a net g3 in a way that any
STl 1T TTTTTaTTs 2 rectangle to the left of vs and above

! | | s , or .below g3 contains at most 2n/7
——-a---a---a---3----" points.

| | : : The point g4 is taken to be a %—net
- __hs  for those points of P which lie to the

‘ | | | right of V3.

| | |
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Proof for the first case, e < %

Note that there are exactly 3n/7
points to the left of vs, which passes
7

through g1 and go.

| | | |

I
F=- T: - *:’?11* - T: T T: ----hy Therefore we can choose the third

! | | | , point of a net g3 in a way that any
STl 1T TTTTTaTTs 2 rectangle to the left of vs and above

! | | s , or below g3 contains at most 2n/7
N e N R % pOIntS

| | : : The point g4 is taken to be a %—net
%P -~~~ hs  for those points of P which lie to the

: : : : right of vs.

fvz 1wy 1vs vg QED? 7
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Proof for the first case, e < %

Can there exist R containing more
than %—fraction of points?

R lies between h; and h;.

o = E A
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Proof for the first case, e < %

Can there exist R containing more
than %—fraction of points?

R lies between hz and hs.

7 7
R cannot lie inside inside M3y3.

o = E A
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Proof for the first case, e < %

Can there exist R containing more
than 2-fraction of points?

7
| | | |
I I I I
r I I I I
I L1 I I
77’777’97”‘¥”7‘¥’7"h%
| I I I R
| I I I
| I I I
_ - lhs
B hl Bl q 2
439 I I I
| I I I
| I I I
***7***7***7***164***}1%
| I I I
| I I I Ry
| q2 | I I
R e s B -
| I I I
| I I I
v v v v

R lies between h2 and hs.

7 7
R cannot lie inside inside M3y 3.
It follows that R lies above or below
g4, almost touches v2 with its left

7
side and crosses vs with its right side.
7
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Proof for the first case, e < %

Can there exist R containing more
than 2-fraction of points?

7
I I I I
I I I I
r I I I I
I L1 I I
77’777’97”‘¥”7‘¥’7”h%
| I I I R
| I I I
| I I I
_ - __ _h3
B hl Bl q 2
439 I I I !
| I I I
| I I I
***7***ﬂ***ﬂ***164***h%
| I I I
| I I I Ry
| q2 | I | i
***7***9***1***?****h%
| I I
| I I
] I I

R lies between h2 and hs.

R cannot lie insiée inside7 Mz 3.

It follows that R lies above or below
ga, almost touches vz with its left
side and crosses vs with its right side.

Observe that there are at most n/7
points of P in the left upper corner.
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Grid conjecture, grid conditions

Conjecture (Walczak, Langerman, personal communication)

Let k € N and P be a point set of size n where n is divisible by k + 3.

There exists a k-point k%ﬂ—net for P with respect to R, where the net is
chosen from the set of grid points.

Vladyslav Rachek
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Grid conjecture

Conjecture (Walczak, Langerman, personal communication)

Let k € N and P be a point set of size n where n is divisible by k + 3.

There exists a k-point k%rs,—net for P with respect to R, where the net is

chosen from the set of grid points.

@ When the conjecture is false?
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Grid conjecture

Conjecture (Walczak, Langerman, personal communication)

Let k € N and P be a point set of size n where n is divisible by k + 3.

There exists a k-point k+3 —==-net for P with respect to R, where the net is
chosen from the set of grid points.

@ When the conjecture is false?
If and only if there exists a point set P of size n, meeting grid
conditions, such that for each k-point set Q chosen from the set of

grid points there exists a rectangle which contains strictly more than
k+3 points and avoids Q.
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What is a counterexample, really

@ Some set P is a counterexample < 7

o = = E A
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What is a counterexample, really

@ Some set P is a counterexample &

V@ C 7 there exists a rectangle R which lies fully inside the grid,
2n

avoids Q, and contains more than ;7’5 points of P.
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What is a counterexample, really

@ Some set P is a counterexample &

V@ C 7 there exists a rectangle R which lies fully inside the grid,
avoids Q, and contains more than ;2% points of P.

k+3

@ Instead of R we can consider an open rectangle R’, which contains all
points from all cells which R intersects and is stretched to the
boundary of these cells.
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What is a counterexample, really

@ Some set P is a counterexample &

V@ C Z there exists a rectangle R which lies fully inside the grid,
avoids @, and contains more than points of P.

k+3

@ Instead of R we can consider an open rectangle R’, which contains all
points from all cells which R intersects and is stretched to the
boundary of these cells.

= It suffices to consider a finite amount of rectangles!
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Not all rectangles are worth considering

Al,*

AQ,*

AB,*

A4,*

AS,*

Figure: Top-down: oversufficient, insufficient and sufficient rectangles respectively
(k=4).

We will denote the set of all sufficient rectangles by Ryus and the set of all

oversufficient rectangles by Roversut-
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Make our observations programmable

Observation

Any k%rs-net must hit all oversufficient rectangles.

We denote the set of all such nets by Q.

Observation

A counterexample to conjecture exists if and only if there exists a subset
S C Rgyr such that the following conditions are met:

(i) No net from Q hits all rectangles from S (for each net Q € Q there
exist some rectangle R € S which avoids Q).

(i) There exist a point set P meeting grid conditions such that every
rectangle in S contains strictly more than k%r?’-fraction of points of P.

v
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Naive algorithm

1: procedure Find-set
2 for S C Rys do > O(2|Rsuf‘) iterations
3: if VQe Q@ IR € S such that RN Q = @ then > no net can

hit all rectangles from S

4: if 3P : YR € S R contains more than the k%r?,—fraction of
points of P then

5: return P > P is a counterexample

6: end if

7: end if

8: end for

0: return @

10: end procedure
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Enter linear programming

How to lock for a point set P?

o = = E A
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Enter linear programming

Matrix X = (Xi,j)lﬁi,jSkJrl satisfies:
(P1) x;; > 0 for any i,/
(P2) >Zijxij=1

(P3) Zle,j :Z-Xk+1,1 _Z Xi1 =D i Xik+1 = k%3 and
ZI-X,"/,:Z Xpj = k+3 for2<h<k

(P1, P2) basically say that X represents some set of points P
(P3) forces the grid conditions on any set which X represents.
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Enter linear programming

Now it is easy to add another condition. Fix some S C Ryys. For any
R e S, let Cg:= {(i,j) : R intersects the (i, )-cell of a grid}. Now, let

4(S)) ForallReS > xij > 1%3
i,jeCr
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Enter linear programming

1: procedure Find-set

2: for S C Ry do > O(2|Rsuf|) iterations

3: if VQ € @ dR € S such that RN Q@ = @ then ©> no net can
hit all rectangles from S

4

5

6:

7: end if
8 end for

9 return g

10: end procedure

o = = E A
Vladyslav Rachek On small weak epsilon-nets for axis-parall



Final touch

Observation

Take any 51,5> € P such that S; C Sy. If LP(Sy) has a solution, then
LP(S51) has a solution.

Let G C P denote the set of all inclusion-minimal elements of P:

G:={SeP:3S €P suchthat S’ C S}

Observation

For any S € G, S cannot contain two rectangles Ry and R, such that Ry
lies fully inside Ry. Thus, S must form an antichain in the set S ordered by
inclusion (in a geometrical sense).
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Check your intuition!

o = = E A
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Harvest the fruits counterexamples

1 2 0 1
0 0 0 2
2 0 0 0
1 0 2 1

Figure: Four presented rectangles contain more than % - 12 points each.

Vladyslav Rachek On small weak epsilon-nets for axis-parall October 15th, 2020 30/33



Harvest the fruits counterexamples
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Figure: Five presented rectangles contain
more than 2 - 28 points each. Figure: Six presented rectangles contain

more than 2 - 32 points each

Vladyslav Rachek On small weak epsilon-nets for axis-parall October 15th, 2020 31/33



Bringing upper bound back

It was claimed that e < %, and the proof given there was via a program

which chooses a net from the set of grid points. Our result shows that that
proof was incorrect, so whether 5? < % remains unsolved.

1

2

B

11

Figure: Seven presented rectangles contain
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Open problems

o True value of e

e Asymptotic behaviour of e®
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