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Square word

a word of the form uu where u is a non-empty word. Period of square uu
is u by period we can also mean the length |u].

Square-free word
a word is square-free if it does not contain any squares.

List assignement

List assignement is a sequence (/;)j>1 of subsets of the integers. A k-list
assignement is a list assignement (/;)i>1 such that each list is of size k, so
forall i > 1, |/i] = k.

We say a word w = wj ... w, respects list assignement (/;);>1 if for all
i€{l,...,n}, w; €.
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Let X be an infinite alphabet. Is it true that for any sequence (/;)i>1 of
subsets of ¥ of size 3 there exists an infinite square-free word w respecting
list assignment (/;)j>17?

If 3 is replaced with 4 then answer to this question is yes.
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4-|ist assignement

a perfect word is of length at least 3 and its suffix of length 3 contains 3
distinct letters. Examples:

abcabc
abcdabcabd

Nice word

a nice word is of length at least 3 and its suffix of length 3 is 010 up to
permutation of alphabet. Examples:

abaaba
abcdabcaba
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4-|ist assignement

a perfect word is of length at least 3 and its suffix of length 3 contains 3
distinct letters. Examples:

abcabc
abcdabcabd

Nice word

a nice word is of length at least 3 and its suffix of length 3 is 010 up to
permutation of alphabet. Examples:

abaaba
abcdabcaba

All square-free words are either perfect or nice.
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4-|ist assignement

Summing of words

For any set of words S, Sisa quantity obtained by summing the number
of perfect words in S together with /3 — 1 times the number of nice
words in S.

For S = {acb, aba, bab, cbc} we get S$=3V/3-2
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4-|ist assignement

Let / = (/;)i>1 be a 4-list assignment and let T, be the number of
square-free words of Ienght n that respect /. Let 8 > 1 be a real number
such that 1 4+ v/3 — B(,B ) > (. Then for any n > 3

—

Tn+1 2 B?n
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4-|ist assignement

Let / = (/;)i>1 be a 4-list assignment and let T, be the number of
square-free words of Ienght n that respect /. Let 8 > 1 be a real number
such that 1 4+ v/3 — B(,B ) > (. Then for any n > 3

—

Tn+1 2 B?n

By induction on n.
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A word of length n+ 1 is good if:
@ it respects lists |
o its prefix of length nisin T,
@ it contains no square of period 1 or 2

A word is wrong if it is good, but not square-free. Let G be a set of good
words of length n+ 1 and F be a set of wrong words of length n+ 1.
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A word of length n+ 1 is good if:
@ it respects lists |
o its prefix of length nisin T,
@ it contains no square of period 1 or 2

A word is wrong if it is good, but not square-free. Let G be a set of good
words of length n+ 1 and F be a set of wrong words of length n+ 1. We
get:

—

Tp1>G—F
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A word of length n+ 1 is good if:
@ it respects lists |
o its prefix of length nisin T,
@ it contains no square of period 1 or 2

A word is wrong if it is good, but not square-free. Let G be a set of good
words of length n+ 1 and F be a set of wrong words of length n+ 1. We
get:

To1>G-—F

We compute lower bound for G and upper bound for F

21st April 2022 7/20



Lower bound of G

A word of length n+ 1 is good if:
@ it respects lists |
@ its prefix of length nisin T,

@ it contains no square of period 1 or 2

Let u be a perfect word in T, with u = wabc.
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Lower bound of G

A word of length n+ 1 is good if:
@ it respects lists |
@ its prefix of length nisin T,

@ it contains no square of period 1 or 2

Let u be a perfect word in T, with u = wabc.

If b,c € l,4+1, u can be extanded to create 2 perfec:c\words and 1 nice
word, so we add at least 2++v/3 —-1=1++31t0 G
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Lower bound of G

A word of length n+ 1 is good if:
@ it respects lists |
@ its prefix of length nisin T,

@ it contains no square of period 1 or 2

Let u be a perfect word in T, with u = wabc.

If b,c € l,4+1, u can be extanded to create 2 perfec:c\words and 1 nice
word, so we add at least 2++v/3 —-1=1++31t0 G

If b Ihr1Vcé 1, ucan be extanded to create at least 3 perfect
words, so we add at least 3to G
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Lower bound of G

A word of length n+ 1 is good if:
@ it respects lists |
@ its prefix of length nisin T,

@ it contains no square of period 1 or 2

Let u be a perfect word in T, with u = wabc.

If b,c € l,4+1, u can be extanded to create 2 perfec:c\words and 1 nice
word, so we add at least 2++v/3 —-1=1++31t0 G

If b Ihr1Vcé 1, ucan be extanded to create at least 3 perfect
words, so we add at least 3to G

In case u is perfect we will add at least 1 + /3 to G
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Lower bound of G

A word of length n+ 1 is good if:
@ it respects lists |
@ its prefix of length nisin T,

@ it contains no square of period 1 or 2

Let u be a nice word in T, with v = waba.
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Lower bound of G

A word of length n+ 1 is good if:
@ it respects lists |
@ its prefix of length nisin T,

@ it contains no square of period 1 or 2

Let u be a nice word in T, with v = waba.

It can be extended into at least 2 perfect words. Since contribution of a
n|ce Word to T is f— 1 then the contribution of extension of a n|ce word
f =1+ /3 times as large as its contribution to T
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Lower bound of G

A word of length n+ 1 is good if:
@ it respects lists |
@ its prefix of length nisin T,

@ it contains no square of period 1 or 2

Let u be a nice word in T, with v = waba.

It can be extended into at least 2 perfect words. Since contribution of a
n|ce Word to T is f— 1 then the contribution of extension of a n|ce word
f =1+ /3 times as large as its contribution to T

Because both contributions are at least 1 + /3 times as large we get

G > (1+V3)T,
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Upper bound of =

Let F; be a set of words from F that end with a square of period /.

F<Y F
i>1
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Upper bound of F

Let F; be a set of words from F that end with a square of period /.

F<Y F
i>1
|F1| = |F2| = 0. Let us take i > 3, u € F;. After removing a prefix of
length i we get a square-free word of length n+ 1 — J.
Because this prefix is in T,41—; and 3 last letters of prefix are the same as
3 last letters of u, we get:

~ o —

Fi= Thy1-i
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Upper bound of F

Let F; be a set of words from F that end with a square of period /.

F<Y F
i>1
|F1| = |F2| = 0. Let us take i > 3, u € F;. After removing a prefix of
length i we get a square-free word of length n+ 1 — J.
Because this prefix is in T,41—; and 3 last letters of prefix are the same as
3 last letters of u, we get:

Fi= T
We get
~ ~ — T, T,
F < Fi — Tn+1fl < n,-B >~ L 1
i>3 i>3 i>3 p A6 —1)
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We get

Tz (14V3- 5t ) Tz o)

Since 3 = 2.45 satisfies 1 + /3 — ——— > 3 we get following theorem:
B(6-1)

Fix a 4-list assignment (/;);>1 and let T, be the set of square-free words of
length n that respect this assignment. Then for all n > 1,

| To| > 2.45"
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(X, 3)-list assignment

Let ¥ = {0,1,2,3}. An (X, 3)-list assignment is a problem, where ¥ is the
alphabet

Word is normalized if it is the smallest of all words obtained by a
permutation of the alphabet.

Let A be the set of normalized prefixes of minimal squares of period < p.

For a word w let A(w) be the longest word from A that is a suffix of w up
to permutaion of the alphabet.

SW ={ueS:Nu)=w}

SSP

fee Words not containing square of period < p.
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Lemma 2
There exist coefficients (Cy)wen such that C. > 0 and for all v € A
aCV < min Z C/\(va)

= ICx,|=3 B
aEI,vaES,%';

where o =~ 1.301.

We denote quantity similar to quantity declared in 4-list assignment

S=>"Culs™)

weN

We are going to inductively count the total weight of the square-free
words of size n that respect a fixed 3-list assignment.

A plays the same rola as {010,012} and « plays the same role as 1 + /3.
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Let / = (/;)i>1 be a (¥, 3)-list assignment and let S, be the number of

square-free words of lenght n that respect /. Let 5 > 1 be a real number
1—

such that o — %_f > (. Then for any n > 3

Sni1 > BS,

Similar proof as for 4-list assignment.
A word of length n+ 1 is good if:

@ it respects lists |
@ its prefix of length nisin S,
@ it contains no square of period < p
A word is wrong if it is not square-free. We compute

5/\

126—/?
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Lower bound of G

A word of length n+ 1 is good if:
@ it respects lists |
o its prefix of length nisin S,
@ it contains no square of period < p

A word is wrong if it is not square-free.

We want to extend v to get some va € Sf%epe. It is possible if and only if
A(v)a € S5P. Also A(va) = A(A(v)a)

free*
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Lower bound of G

Z CAtwa) = Z CA(A(v)a) = ?Iflclﬁl Z CA(A(v)a) -

acl, 41 a€ly lI]=3 akl _
vacSP A(v)asSEP A(v)aeSHr,

free free

G2 alupy =Y oGS =aS,.

vES, uEA
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Upper bound of F

Fi < Sp1 i <S8

~ — __fBl-p
F< 5.5 <50 :
i>p+1 B -
— ~ o~ — glfp — —
SnJrazG_FZaSn_B_lSnZBSn

B = 1.25 satisfies this.
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Fix a (X, 3)-list assignment (/;);j>1 and let S, be the set of square-free
words of length n that respect this assignment. Then for all n > 1,

|S,| > 1.25"
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How to prove lemma 27

Lemma 2
There exist coefficients (Cy,)wen such that C. > 0 and for all v € A

aC, < min E Ca
v ICT|l|=3 ; (va)
acl,vaeSzP

where o ~ 1.301.

We start with a random vector of (Cy)wen. We iterate until vector
converges towards the desired vector. Convergence of this algorithm is not
proven. Authors suspect that the procedure is convergent but did not try
to prove anything in this directions.

"The C++ implementation can be found in the ancillary file on the arXiv.
Running this program took approximately 2 hours of computation and
occupied 76.4 Go of RAM."
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