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Notation:

e (a,b) - greatest common divisor of a and b

@ [a, b] - least common multiple of a and b
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Introduction

Definition. (Farey sequence)

Given a positive integer n, the Farey sequence F, is the set of rational
numbers 7 with 0 <a< b< nand (a,b)=1.
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o Fi={
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Introduction

Definition. (Farey sequence)

Given a positive integer n, the Farey sequence F, is the set of rational
numbers 7 with 0 <a< b< nand (a,b)=1.

01
o Fl:{T’I}
_Jo 11
° F2*{I?§7I}
_Jo1121
. F3_{T=§7§7§’T}
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Introduction

Definition. (Farey sequence)

Given a positive integer n, the Farey sequence F, is the set of rational
numbers 7 with 0 <a< b< nand (a,b)=1.

e hi={11)
o h={1.53)

o m={81133)

o= {81155 00)
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Definition. (Farey sequence)

Given a positive integer n, the Farey sequence F, is the set of rational
numbers 7 with 0 <a< b< nand (a,b)=1.

o Fi= {01}

o = {804}

o m={81133)

o= {81355 00)

o R {8iAhE000000)
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Definition. (Farey sequence)

Given a positive integer n, the Farey sequence F, is the set of rational
numbers 7 with 0 <a< b< nand (a,b)=1.

01
o Fl:{T’I}
_Jo 11
° F2*{I?§7I}
_Jo1121
. F3_{T?§7§7§’T}
_Jo 1112 31
° F4_{I’Z’§’§v§’ivi}
_Jo 11121323141
. FS*{17571@5’575@71,5’1}
o F—J0 111121323451
6 = 1167574737572 59374757671
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Introduction

Definition.

For any set S of real numbers, we define

Q(S)={§/:x,yeS,x<yandy7é0}.
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Introduction

Definition.

For any set S of real numbers, we define

Q(S):{g:x,yGS,x<yandy7é0}.

“~=

11123
Q(S)_{0747372)37471}—F4

We are mainly interested in sets S C F,, such that Q(S) C F, for some n.
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Graham's Conjectures

Conjecture 1.

Let a1, ap,...,a, be distinct positive integers, we have

max —— > n
ij (aj,aj)

Szymon Salabura Combinatorial Optimization Seminar 1st December 2022



Graham's Conjectures

Conjecture 1.

Let a1, ap,...,a, be distinct positive integers, we have

a;

max >n
i (ai a) =

For example, for a = (4,6, 8,12) we have

max a__ 8 —§—4>4
i (a,-,aj)_(8,6)_2_ -
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Graham's Conjectures

Conjecture 1.

Let a1, ap, ..., an be distinct positive integers, we have

aj
max —— >
iv (ai, aj)

Jj aj is prime - Winterle (1970)

n=p+1-Vélez (1977)

n = p - Szemerédi (1977)

Jip>(n—1)/2 P | ai - Boyle (1977)

sufficiently large n - Szegedy, Zaharescu (1986-87)

general case - Balasubramanian, Soundararajan (1996)
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Graham's Conjectures

Let M, = lem(1,2,...,n).

Conjecture 2.

Let a1 < ap < --- < ap be distinct positive integers,

gcd(a1, a2,...,an) =1

and
aj
max =n.
iy (ai, a)
M, M M,
Then {a1,az,...,a,} can only be {1,2,...,n} or {—nﬂ,n—_ﬂi,...,—lﬂ}

except for n = 4, where we have the additional sequence {2, 3,4,6}.
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Graham's Conjectures

Let M, = lem(1,2,...,n).

Conjecture 2.

Let a1 < ap < --- < ap be distinct positive integers,

gcd(a1, a2,...,an) =1

and
aj
max =n.
iy (ai, a)
M, M M,
Then {a1,az,...,a,} can only be {1,2,...,n} or {—nﬂ,n—_ﬂi,...,—lﬂ}

except for n = 4, where we have the additional sequence {2, 3,4,6}.

o sufficiently large n - Szegedy, Zaharescu (1986-87)
e n > 10%9000 _ Cheng, Pomerance (1994)
@ general case - Balasubramanian, Soundararajan (1996)
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Conjecture 1.

Let a1, ap, ..., a, be distinct positive integers, we have

We get the following result from Conjecture 1.

Suppose S C F,, if Q(S) C F,, the S has at most n+ 1 elements.
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Conjecture 1.

Let a1, ap, ..., a, be distinct positive integers, we have

We get the following result from Conjecture 1.

Suppose S C F,, if Q(S) C F,, the S has at most n+ 1 elements.

In fact, the above theorem is equivalent to Conjecture 1.

Conjecture 1 is equivalent to Theorem 1.

Szymon Salabura Combinatorial Optimization Seminar 1st December 2022 9/22




Suppose S C F,, if Q(S) C F,, the S has at most n+ 1 elements.
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Suppose S C F,, if Q(S) C F,, the S has at most n+ 1 elements.

We prove by contradiction.
Suppose there is a subset S C F, such that Q(S) C F,, but |S| > n+ 2.
Then S’ = S\{0} has at least n+ 1 distinct elements xi/yx with
(%K, yk) = 1.

_x% _ . _%

1
< —
ooy yn 1
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Suppose S C F,, if Q(S) C F,, the S has at most n+ 1 elements.

X1 X X 1

J— < J— < .« .. < l < —

iy 1
Let apt1 = [Xl, .. Xn] ax = an+1 - }’k

Y1 Y2 Yn
apyl1— > apyl1c— > - > apgkl s — > aptl
X1 X2 Xn

ap >ax>--->ap> anps1
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Forl<i<j<m

C2) — Y Y
(ah aj) 3n+1 X ) al‘H—l XJ
an+1 (i) [Xivxj] Y [Xi7)<j] Y
1
ol U\ ) o i y)
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For1<i<j<nm

i) ioxl v aoxl oy
I? )
J Xi (ylvyj) XJ (yl7yj)

(ar-2) = 15

Szymon Salabura Combinatorial Optimization Seminar 1st December 2022 13 /22



For1<i<j<nm

an+1 [X,',Xj] Yi [Xi7Xj] Yj
aj,aj) = Vi Yj : ; :
( ! J) [X,‘,XJ'] ( ! J)< Xj (ylvyj) XJ (yl7yj)

Note that the g.c.d. part equals 1, because
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For1<i<j<nm

an+1 [X,',Xj] Yi [Xi7Xj] Yj
aj,aj) = Vi Yj : ; :
( ! J) [X,‘,XJ'] ( ! J)< Xj (ylvyj) XJ (yl7yj)

Note that the g.c.d. part equals 1, because
° ([thj]’ [XhXj]) —1

X Xj
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For1<i<j<nm

a1 oo~ (oxl oy Dexl oy
(al,aj) [17 J] (ylvyj)< X; (yivyj), Xj (y”yj)>

Note that the g.c.d. part equals 1, because

* (v o) =
o I

X] i _ [X,',X'] j —
Bt g A Gy Ly A gy =1 = (B, ) =1

Szymon Salabura Combinatorial Optimization Seminar 1st December 2022 13 /22



For1<i<j<nm

a1 oo~ (oxl oy Dexl oy
(al,aj) [17 J] (ylvyj)< X; (yivyj), Xj (y”yj)>

Note that the g.c.d. part equals 1, because

Yi Yi _
o (625 o) =
[X, ] ; o [xi,x] ; o
o ZLIGA G Yin () =1 = ( X,.’v(y,yfy,.))—l
[X,',X'] _ i [X,',X'] _
(y’yj)|yl ij ‘Xi/\(Xi,)/i)—]. f— ((y:}jyj)’ XJJ>—1
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For1<i<j<nm

a1 oo~ (oxl oy Dexl oy
(al,aj) [17 J] (ylvyj)< X; (yivyj), Xj (y”yj)>

Note that the g.c.d. part equals 1, because

o (buxl, bexl) g
° (¢ ) =
o gy A bs) =1 = (B gl) =1
° (y,yJ) | YiA [X”XJ] ‘ Xi N\ (Xia)/i) =1 = ((y:'}g/j)’ [X;jg]> =1
Hence amit
(ai,a) = i, ] (i ¥5)
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Forj=n+1:

an+1  antl dn+1
(aiaan-i-l) = < X Yi, ” Xi | = "
1 1 1
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Forj=n+1:

an+1  antl dn+1
(aia3n+1) = < X Yi, ” Xi | = "
1 1 1

We can therefore extend previous result to 1 </ <j < n+1.

dn+1
aj,aj) = — Wiy
( J) [Xiyxj](y yj)
and
a a4 [xi, x;] _ Y [xi, x;]

(aiya;)  ant1 Uiy) x (i)
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On the other hand,

Xi Xjp _XiYj . Xi Yj Xj Yi

yiryi  xyi (%, %) (y,-,yj)/ (xi, %) (vis y5)
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On the other hand,

XX XY %

Y / Xi Y
vi'yi  xyi (xnx) (hy)t \(xix) (v yg)

Suppose S C Fp, if Q(S) C F,, the S has at most n+ 1 elements.

The fraction in the right side is in its lowest term and since Q(S’) C F,,
we have

Xi oY <n
(Xi7)<j) (ylvyj)
[X,',Xj] Yi

° X
xi (i)
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For1<i<j<n+1:

ai _ }i [Xi7XJ']

(ai,a))  xi (vi,y))

[xi,x] v

<n
xi (i)

aj

——<n
(aivaj) h

This contradicts Conjecture 1.

Conjecture 1.

Let a1, ap,...,a, be distinct positive integers, we have

max > n
ij (aj,aj)

id
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Conjecture 1 is equivalent to Theorem 1.
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Conjecture 1 is equivalent to Theorem 1.

We have already shown that Conjecture 1 implies Theorem 1. Now we
assume Theorem 1 and give a proof by contradiction of Conjecture 1.
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Conjecture 1.

Let a1, ap, ..., a, be distinct positive integers, we have

m.a.xi > n
i (ai,aj)

Suppose there are n+ 1 distinct positive integers a1 < a < -+ < apy1

such that 2
max —— < n
i (i aj)
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Conjecture 1.
Let a1, ap, ..., a, be distinct positive integers, we have

m.a.xi > n
i (ai,aj)

Suppose there are n+ 1 distinct positive integers a1 < a < -+ < apy1

such that 2
max —— < n
i (i aj)

Let x, = ﬁ = (af,gk)‘ Then:
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Conjecture 1.
Let a1, ap, ..., a, be distinct positive integers, we have

m.a.xi > n
i (ai,aj)

Suppose there are n+ 1 distinct positive integers a1 < a < -+ < apy1
such that

aj
max ——— < n
i (aivaj)
Let x, = ﬁ = (af,gk)‘ Then:
° (xk,yk) =1
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Conjecture 1.
Let a1, ap, ..., a, be distinct positive integers, we have

m.a.xi > n
i (ai,aj)

Suppose there are n+ 1 distinct positive integers a1 < a < -+ < apy1
such that

2
max —— < n
i (ai, a)
— ai — ak .
Let x, = o) Yk = ) Then:
o (xi,yk) =1
° ;—t = j—i are distinct reduced fractions
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Conjecture 1.
Let a1, ap, ..., a, be distinct positive integers, we have

m.a.xi > n
i (ai,aj)

Suppose there are n+ 1 distinct positive integers a1 < a < -+ < apy1
such that

2:
max —— < n
i (ai, a)
— ai — ak .
Let x, = o) Yk = ) Then:
o (xi,yk) =1
o Xk = 2L gre distinct reduced fractions
Yk ak
Xk S Yk S n
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Conjecture 1.

Let a1, ap, ..., a, be distinct positive integers, we have

m.a.xi > n
i (ai,aj)

Suppose there are n+ 1 distinct positive integers a1 < a < -+ < apy1

such that 2
max —— < n
i (i aj)

Let x, = ﬁ = (af,gk)‘ Then:

o (xi,yk) =1
° ;—t = j—i are distinct reduced fractions
@ X S yk<n
XK
° € F,
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Y1’ y2? T Yo

Thus S = {0 aox M} is a subset of F,.
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_ X1 X2 Xn+1 H
Thus S = {0, T g yn+1} is a subset of F,.

. . L X
But also for every i < J, § > 7 we have
U J

X % a/aj _ai_ aif(aia) 3
yi'yi  a/ai  a  aj/(ai,a))

max —— < n
ij (aj,aj)
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sz{o,ﬁ,ﬁ,...,x”“} J
yi y2 Yn+1

X
Vx,yES,XSy,y#O }_, € Fy J

Thus Q(S) C Fp, but |S| > n+ 2, which contradicts Theorem 1.

Suppose S C F,, if Q(S) C F,, the S has at most n + 1 elements.
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Suppose S C Fp,, |S| =n+1 and Q(S) C F,, then S can only be one of
the following sets:

os5={01,33 .1}
o 5={0,1,%,2, . =1}
° S:{O,l,%,%,%} for n =

The result is based on Graham'’s second conjecture.
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Theorem 4.

Suppose S C F, and Q(S) = F,, then S can only be one of the following
two sets:

oS:{O, %
05:{0, L, =

S|

°

5 II\J le

3
S
i
——
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