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The even case

Gallai's Theorem

Every graph G has a vertex partition into two sets, each of which induces a
subgraph with all degrees even
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The odd case

Definition

f(G) - the maximum order of an induced subgraph of G with all degrees
odd.
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odd.

Definition

f(n) - the minimum of f(G) over the set of graphs of order n without
isolated vertices.

f(n) > cy/n-Y. Caro (1992)

°
e f(n) > ,og(n) - A. D.Scott (1996)

e f(n) > cn - A. Ferber, M. Krivelevich (2022)
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Definition

Given a graph G, we say that a partition Vq, . . ., Vi of V(G) is a good
partition of G if G[V;] has all degrees odd for i € [k]

4/19



Good Partitions

Given a graph G, we say that a partition Vq, . . ., Vi of V(G) is a good
partition of G if G[V;] has all degrees odd for i € [k]

Let G be a graph. Then G has a good partition if and only if every
component of G has even order.




Theorem proof

If G has a good partition, then it has to have even order, because of its
verticies degree sum. To show the second implication, we will use
induction.
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Theorem proof

e
Ad

If at least one of V; has even order, we can take G, and G\ V;, if not,
then all of V; have odd order, so there is an even number of V;
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Theorem proof

e X ={x}U Ufle V(X)) UUiZ, V(Z)

o Y ={y}ulUi, V()
@ One of | X]| or |Y] is odd, so we add Z; to that set.
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Theorem proof

e If | X| and | Y| are odd, take all X to one part and all Y to another. In
oder case:

o X ={x,y}U Uf'(:l V(Xi)

oY= {Xay} UU;:I V(K)



Theorem proof

If | X| and |Y| are odd, take all X to one part and all Y to another. In
oder case:

X = {xy} U V(X)

Y = {x,y} Ul V()

Take good partition of G[X] - W; and G[Y] - V;. If x € W4, and

y € V;, then x € V; and y € W, so take union of W; and V3



Basic odd graph

Definition

G is a basic odd graph if G has all degrees odd, and the only good
partition of G is the trivial partition {V/(G)}.
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Definition

G is a basic odd graph if G has all degrees odd, and the only good
partition of G is the trivial partition {V/(G)}.

A graph G is a basic odd graph if and only if it is a tree with all degrees
odd.




Basic odd graph

Definition

G is a basic odd graph if G has all degrees odd, and the only good
partition of G is the trivial partition {V/(G)}.

A graph G is a basic odd graph if and only if it is a tree with all degrees
odd.

Corollary
Let G be a graph, and suppose that every component of G has even order.
Then G has a vertex partition such that every vertex class induces a tree
with all degrees odd.




Good partition bounds

Definition

p(G) = min {k : G has a good partition with k sets }
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Good partition bounds

Definition
p(G) = min {k : G has a good partition with k sets }

Definition

p(n) = max{p(G) : |G| = n, every component of G has even order}

p(n) > (1 + o(1))v2n.
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Let B, be a biparte graph, with vertex classes Vo = [n]") and V; = [n]®),
and edges from {i} to {j, k} iff i € {j, k}.

By: {12} @——@ {1}
{1.3} @ ® {2}
{23} @——@ {3}
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Let B, be a biparte graph, with vertex classes Vo = [n]") and V; = [n]®),
and edges from {i} to {j, k} iff i € {j, k}.

By: {12} @——@ {1}
{1.3} @ ® {2}
{23} @——@ {3}

|Bn| = (1 + %)”72 so when the order of B, is even, we can use the first
theorem, and find a good partition. Then all singletons have to be in
seperate components, because if some {i}, {j} were in one group, then
{i,j} can't be partitioned. Thus p(n) > (14 o(1))v/2n. after some

calculations.
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Good partition bounds

p(n) < cn(/oglogn)_% .

It can be proven that for sufficiently large n, we can find a set W such

that |[W| > (/og/ogn)%, W has all degrees odd, and a good partition.
Removing such sets from G leads to upper bound.
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Vertex coverings

Definition

t(G) - the smallest integer k such that G has a vertex cover with k sets
inducing subgraphs with all degrees odd.
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Vertex Covering Bounds

alog(n) < t(n) < blog(n)

@ Lower bound can be estimated on B, graphs
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Vertex Covering Bounds

alog(n) < t(n) < blog(n)

@ Lower bound can be estimated on B, graphs

o For upper bound define: W; = V(G)\ U,; Y,

o If W; is not an independent set Vj, 1 as the union of the largest set of
vertices that induces a subgraph with all degrees odd, of each W;
component

@ Use lower bound of f(n) to estimate number of steps in this procedure

Remark: The original proof was made when f(n) > cn was not proven yet,
so originally the bound was < blog?(n) with the remark, that if the
conjecture is true, then the upper bound is tighter.
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Random Graphs

Definition

If G € G(n, %) then G is a random graph, such that every edge is chosen
with probability 3
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Random Graphs

Definition

If G € G(n, %) then G is a random graph, such that every edge is chosen
with probability 3

Almost every G € G(n, %) for n even, has a good partition into three sets.

Proof sketch:

Define X4 as an indicator of the event G[A] has all degrees odd
Define X = > XaXgXc where A, B, C are partitions of a graph
Calculate E(X) and Var(X).

Using Chybyshev inequality bound n — inf P(X =0) — 0
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Random Graphs

For odd n, almost every G € G(n, %) has a vertex partition V(G) = V4 V>
such that G[V4] has all degrees odd and G[V5] has exactly one vertex with

even degree.

Proof is simmilar as for the previous theorem
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Random Graphs

For odd n, almost every G € G(n, %) has a vertex partition V(G) = V4 V>
such that G[V4] has all degrees odd and G[V5] has exactly one vertex with
even degree.

Proof is simmilar as for the previous theorem

For a random graph G € G(n, 1), where n is even, what is P(p(G) = 2)
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Residues modulo k

The problem with induced subgraphs can be stated more generally, so we
can consider subgraphs with all verticies having degrees congruent to 1

modulo k, rather than 2. The problem can be stated very simmilarly as
previous variants.
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Residues modulo k

The problem with induced subgraphs can be stated more generally, so we
can consider subgraphs with all verticies having degrees congruent to 1

modulo k, rather than 2. The problem can be stated very simmilarly as
previous variants.

Definition

fk(G) - the maximum order of an induced subgraph of G with all degrees
congruent to 1 modulo k

Definition

fk(n) = min{f,(G) : 6(G) > 1 and |G| = n}.
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Residues modulo k

Let k > 2 be an integer. There exists c(k) > 0 such that for every
bipartite graph G with §(G) > 1 there is a set W C V/(G) such that
|W| > c(k)|G| and G[W] has all degrees congruent to 1 modulo k.
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Residues modulo k

Let k > 2 be an integer. There exists c(k) > 0 such that for every
bipartite graph G with §(G) > 1 there is a set W C V/(G) such that
|W| > c(k)|G| and G[W] has all degrees congruent to 1 modulo k.

Let k > 2 be an integer. There exists a constant c(k) > 0 such that, for
every graph G without isolated vertices, fx(G) > 2c(k)|G|/x(G)

Let kK > 2 be a fixed integer. Let G be a claw-free graph without isolated
vertices with order n. Then £,(G) > (1 + o(1))\/75

Previous best result was proven by Y.Caro: f((G) > Ck(n/ogn)%
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Claw-graph

19/19



