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Definition

A k-regular spanning subgraph is called k-factor.
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Definition
A k-regular spanning subgraph is called k-factor.

Observation
A subgraph H C G is a 1-factor of G iff E(H) is a matching of G.
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Definition
A k-regular spanning subgraph is called k-factor.

Observation
A subgraph H C G is a 1-factor of G iff E(H) is a matching of G.

Observation
A subgraph H C G is a 2-factor of G iff E(H) is a cycle cover of G.
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Let G = (V, E) be a graph.
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Let G = (V, E) be a graph.
Let f : V — 2% be a function assigning to each v € V a set of integers in
{0,1,2,...,d(v)}, where d(v) denotes the degree of v in G.
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Let G = (V, E) be a graph.
Let f : V — 2% be a function assigning to each v € V a set of integers in
{0,1,2,...,d(v)}, where d(v) denotes the degree of v in G.

Definition

f-factor is a spanning subgraph H of G in which dy(v) € f(v) for all
veV.
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Couple of results

o If f(v) = {1} for every v € V(G), then f is a matching of G
(1-factor).
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Couple of results

o If f(v) = {1} for every v € V(G), then f is a matching of G
(1-factor).

o If f(v) = {2} for every v € V(G), then f is a cycle cover of G
(2-factor).
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Couple of results

o If f(v) = {1} for every v € V(G), then f is a matching of G
(1-factor).

o If f(v) = {2} for every v € V(G), then f is a cycle cover of G
(2-factor).

o If |[f(v)| =1 for every v € V(G), then there exists a necessary and

sufficient condition for the existence of an f-factor of G (Tutte's
f-factor theorem).

Krzysztof Baranski Polynomials and f-factors of graphs 26.01.2023



Couple of results

o If f(v) = {1} for every v € V(G), then f is a matching of G
(1-factor).

o If f(v) = {2} for every v € V(G), then f is a cycle cover of G
(2-factor).

o If |[f(v)| =1 for every v € V(G), then there exists a necessary and
sufficient condition for the existence of an f-factor of G (Tutte's
f-factor theorem).

@ No necessary and sufficient condition for an f-factor exists when we
allow |f(v)| > 2, even when |f(v)| =2 forall v € V.
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Couple of results

o If f(v) = {1} for every v € V(G), then f is a matching of G
(1-factor).

o If f(v) = {2} for every v € V(G), then f is a cycle cover of G
(2-factor).

o If |[f(v)| =1 for every v € V(G), then there exists a necessary and
sufficient condition for the existence of an f-factor of G (Tutte's
f-factor theorem).

@ No necessary and sufficient condition for an f-factor exists when we
allow |f(v)| > 2, even when |f(v)| =2 forall v € V.

@ On the other hand, if no two consecutive integers in f(v) differ by
more than two, then there is a necessary and sufficient condition for
an f-factor (Lovész).
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Theorem 1

Let G = (V, E) be a graph and suppose that f satisfies

[F(v)[ > d(v)/2]

for every v € V.
Then G has an f-factor.
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Combinatorial Nullstellensatz

Let g € F[X1, Xa, ..., X,] be a polynomial, and suppose the coefficient of
the monomial H,’-’Il Xit’ in g is non-zero, where t; + tp + ... + t, is the
total degree of g.

Then, for any sets S1, Sy, ..., Sp C F with |S1| > t1,|S2| > to, ..., |Sh| > tn,
there exists x € S1 X Sy X ... X S, such that g(x) # 0.
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Theorem 1 - proof

Let G = (V, E) be a graph and suppose that f satisfies

[F(v)[ > Td(v)/2]

for every v € V.
Then G has an f-factor.
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Theorem 1 - proof

Let G = (V, E) be a graph and suppose that f satisfies
[£(v)| > [d(v)/2]

for every v € V.
Then G has an f-factor. )

Proof:
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Theorem 1 - proof

Let G = (V, E) be a graph and suppose that f satisfies

[F(v)[ > Td(v)/2]

for every v € V.
Then G has an f-factor.

Proof:
Let’s consider the polynomial over R defined by

e=11 1l O X-9

veV cef(v)c edv

where f(v)¢ ={0,1,2,...,d(v)} \ f(v).
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Theorem 1 - proof

g=11 Il Q_X-0

vEV cef(v)c edv
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Theorem 1 - proof

g=11 Il Q_X-0

vEV cef(v)c edv

| claim that there exists a largest degree monomial in g of the form
a[[.cp X& where t, € {0,1} for all e € E and a # 0.
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Theorem 1 - proof

g=11 Il Q_X-0

vEV cef(v)c edv

| claim that there exists a largest degree monomial in g of the form
a[[.cp X& where t, € {0,1} for all e € E and a # 0.

The degree of g is exactly

DIl

vev
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Theorem 1 - proof

Every graph on V has an orientation such that the outdegree of every
vertex v € V is at least |$d(v)].
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Theorem 1 - proof

Every graph on V has an orientation such that the outdegree of every
vertex v € V is at least |$d(v)].

(V)] > [3d(V)] = [F(v)] < [3d(v)]
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Theorem 1 - proof

Every graph on V has an orientation such that the outdegree of every
vertex v € V is at least |$d(v)].

(V)] > [3d(V)] = [F(v)] < [3d(v)]

Therefore it is possible to assign to each v € V a set E(v) of edges
containing v such that |E(v)| = |f(v)€| and, for all distinct u,v € V,

E(u)nE(v) =0.
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Theorem 1 - proof

Every graph on V has an orientation such that the outdegree of every
vertex v € V is at least |$d(v)].

(V)] > [3d(V)] = [F(v)] < [3d(v)]

Therefore it is possible to assign to each v € V a set E(v) of edges
containing v such that |E(v)| = |f(v)€| and, for all distinct u,v € V,

E(u)nE(v) =0.
Then

111 *

veV ecE(v)

is a monomial of the required degree in g.
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Theorem 1 - proof

Combinatorial Nullstellensatz

Let g € F[X1, Xz, ..., X;,] be a polynomial, and suppose the coefficient of
the monomial H7:1 Xl.t" in g is non-zero, where t; + to + ... + t, is the
total degree of g.

Then, for any sets S1, S, ..., S, C F with |S1| > t1,|S2| > ta, ..., |Sn| > th,
there exists x € 51 x S X ... X S, such that g(x) # 0.
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total degree of g.
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e=11 1] O X9
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Theorem 1 - proof

Combinatorial Nullstellensatz

Let g € F[X1, Xz, ..., X;,] be a polynomial, and suppose the coefficient of
the monomial H7:1 Xl.t" in g is non-zero, where t; + to + ... + t, is the
total degree of g.

Then, for any sets S1, S, ..., S, C F with |S1| > t1,|S2| > ta, ..., |Sn| > th,
there exists x € 51 x S X ... X S, such that g(x) # 0.

e=11 1] O X9

veV cef(v)c esv

allece X =a H H Xe, where t, € {0,1} and a # 0

veV ecE(v)
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Theorem 1 - proof

Combinatorial Nullstellensatz

Let g € F[X1, Xz, ..., X;,] be a polynomial, and suppose the coefficient of
the monomial H7:1 Xl.t" in g is non-zero, where t; + to + ... + t, is the

total degree of g.
Then, for any sets S1, S, ..., S, C F with |S1| > t1,|S2| > ta, ..., |Sn| > th,
there exists x € 51 x S X ... X S, such that g(x) # 0.

e=11 1] O X9

veV cef(v)c esv
allece X =a H H Xe, where t, € {0,1} and a # 0
veV ecE(v)
$=5=..=5,={0,1}
By the combinatorial nullstellensatz, there exists x € {0, 1}El such that

g(x) # 0.
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Theorem 1 - proof

Combinatorial Nullstellensatz

Let g € F[X1, Xz, ..., X;,] be a polynomial, and suppose the coefficient of
the monomial H7:1 Xl.t" in g is non-zero, where t; + to + ... + t, is the

total degree of g.
Then, for any sets S1, S, ..., S, C F with |S1| > t1,|S2| > ta, ..., |Sn| > th,
there exists x € 51 x S X ... X S, such that g(x) # 0.

e=11 1] O X9

veV cef(v)e esv
allece X =a H H Xe, where t, € {0,1} and a # 0
veV ecE(v)
$=5=..=5,={0,1}
By the combinatorial nullstellensatz, there exists x € {0, 1}El such that
g(x) #0. Now F = {e € E : x. = 1} is the edge set of an f-factor of G.
U
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Theorem 2

Let G = (V, E) be a graph, and let f satisfy
El> > |F(v)°\{0}|
vev

where f(v)¢ ={0,1,2,...,d(v)} \ f(v).
Then G contains a non-trivial partial f-factor.
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Theorem 2

Let G = (V, E) be a graph, and let f satisfy

E| > > 1F(v)°\ {0}

vev

where f(v)¢ ={0,1,2,....,d(v)} \ f(v).
Then G contains a non-trivial partial f-factor.

Definition

Partial f-factor of a graph G = (V, E) is an f-factor of G where
f(v) =f(v)u{0} forall v e V.
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Theorem 2

Let G = (V, E) be a graph, and let f satisfy
E] > Y 1F(v)\ {0}
veVv

where f(v)¢ ={0,1,2,...,d(v)} \ f(v).
Then G contains a non-trivial partial f-factor.

Definition

Partial f-factor of a graph G = (V, E) is an f-factor of G where
f(v) =f(v)u{0} forall veV.

Definition

Partial f-factor is non-trivial if it is non-empty.

Krzysztof Baranski Polynomials and f-factors of graphs 26.01.2023 11/14



Theorem 2 - proof

Let G = (V, E) be a graph, and let f satisfy

E[ > > IF(v)°\ {0}

veVv

where f(v)¢ ={0,1,2,...,d(v)} \ f(v).
Then G contains a non-trivial partial f-factor.
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Theorem 2 - proof

Let G = (V, E) be a graph, and let f satisfy
E|> > 1F(v)°\ {0}

veVv

where f(v)¢ ={0,1,2,...,d(v)} \ f(v).
Then G contains a non-trivial partial f-factor.

Proof:
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Theorem 2 - proof

Let G = (V, E) be a graph, and let f satisfy

E[ > > IF(v)°\ {0}

veVv

where f(v)¢ ={0,1,2,...,d(v)} \ f(v).

Then G contains a non-trivial partial f-factor.

Proof:
Let's consider the polynomial over R defined by

e=11 1II <C_Z§9”Xe)—H(1—xe)-

veV cef(v)e\{0} eckE
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Theorem 2 - proof

e-11 I (“==%)-Ta-x

veV cef(v)<\{0}
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Theorem 2 - proof

e-11 I (“==%)-Ta-x

VeV cef(v)e\{0}
Then g(0)=1—-1=0.
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Theorem 2 - proof
_ X
g = H H <CZ;3V)_H(1_X6)-

veV cef(v)<\{0}
Then g(0)=1—-1=0.
By the inequality of the theorem, the total degree of the first term in g is

DI\ {0} < [E]

vev

ecE

so the largest degree monomial in g is precisely (—1)/EF1T], . X..

Krzysztof Baranski Polynomials and f-factors of graphs 26.01.2023 13 /14



Theorem 2 - proof
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g = H H <CZ(_.63V)_H(1_X6)-

veV cef(v)e\{0} ecE
Then g(0)=1—-1=0.
By the inequality of the theorem, the total degree of the first term in g is

DI\ {0} < [E]

vev

so the largest degree monomial in g is precisely (—1)/EF1T], . X..

By the combinatorial nullstellensatz, there exists a non-zero x € {0, 1}/l
such that g(x) # 0.
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Theorem 2 - proof

e-11 I (“==%)-Ta-x

veV cef(v)e\{0} ecE
Then g(0)=1—-1=0.
By the inequality of the theorem, the total degree of the first term in g is

DI\ {0} < [E]

vev

so the largest degree monomial in g is precisely (—1)IEF1 ], . X.

By the combinatorial nullstellensatz, there exists a non-zero x € {0, 1}/l
such that g(x) # 0.
This implies that the first term in g is not zero at x,
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Theorem 2 - proof

e-11 I (“==%)-Ta-x

VEV cef(v)e\{0} ecE
Then g(0)=1—-1=0.
By the inequality of the theorem, the total degree of the first term in g is
Y IF(v) N {0} < |E]
veV
so the largest degree monomial in g is precisely (—1)/EF1T], . X..
By the combinatorial nullstellensatz, there exists a non-zero x € {0,1}
such that g(x) # 0.

This implies that the first term in g is not zero at x,
andso forallve V: Y _ x.€f(v)u{0}.

|E|

esv
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Theorem 2 - proof

e-11 I (“==%)-Ta-x

veV cef(v)e\{0} ecE

Then g(0)=1—-1=0.

By the inequality of the theorem, the total degree of the first term in g is
Y I\ {0} < |E|
veV

so the largest degree monomial in g is precisely (—1)/EF1T], . X..

By the combinatorial nullstellensatz, there exists a non-zero x € {0, 1}/l
such that g(x) # 0.

This implies that the first term in g is not zero at x,

and so forall ve V: ) o xe € f(v)U{0}.

Now F = {e € E : x. = 1} is the edge set of a non-trivial partial f-factor
of G.

O
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