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Circle Packing
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Ball (sphere) Packing
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Major research problems

The kissing number problem

The kissing number problem asks for the number of non-overlapping unit
balls that can be arranged to touch a fixed unit ball
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The kissing number problem
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Major research problems

The densest packing problem

The densest packing problem asks for the largest density of a congruent
ball packing (the balls have the same radius) in a given shape (dimension).
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Ball Packing
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Ball Packing

Definition

A d-ball packing is a collection of d-balls in R̂d with disjoint interiors
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Ball Packing

Definition

For a ball packing B, its tangency graph G (B) takes the balls as vertices,
and two vertices are connected if and only if the corresponding balls are
tangent
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Ball Packing

Definition

A graph G is said to be d-ball packable if there is a d-ball packing B
whose tangency graph is isomorphic to G . In this case, we say that B is a
d-ball packing of G .
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Previous works

Koebe–Andreev–Thurston theorem

Every connected simple planar graph is disk packable (2-ball packable).
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Descartes’ configurations

Descartes’ theorem

Descartes’ theorem states that for every four kissing, or mutually tangent,
circles, the radii of the circles satisfy a certain quadratic equation. By
solving this equation, one can construct a fourth circle tangent to three
given, mutually tangent circles.

For four circles that are tangent to each other at six distinct points, with
curvatures κi for i = 1 . . . 4, Descartes’ theorem says:

(κ1 + κ2 + κ3 + κ4)
2 = 2 (κ21 + κ22 + κ23 + κ24).

To find the radius of a fourth circle tangent to three given kissing circles,
the equation can be written

κ4 = κ1 + κ2 + κ3 ± 2
√
κ1κ2 + κ2κ3 + κ3κ1.
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Descartes’ configurations - example
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Descartes’ configurations - example
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Descartes’ configurations - apollonian packing

Apollonian packing is created using formula:

κ4 = κ1 + κ2 + κ3 ± 2
√
κ1κ2 + κ2κ3 + κ3κ1.
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Descartes’ configurations - d-dimensional
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Soddy poem in Nature magazine (1936)
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Gosset poem in Nature magazine (1937)

The Kiss Precise (generalized) by Thorold Gosset

And let us not confine our cares
To simple circles, planes and spheres,
But rise to hyper flats and bends
Where kissing multiple appears,
In n-ic space the kissing pairs
Are hyperspheres, and Truth declares,
As n + 2 such osculate
Each with an n + 1 fold mate
The square of the sum of all the bends
Is n times the sum of their squares.
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Apollonian packings and stacked polytopes

Definition

A simplicial d-polytope is stacked if it can be iteratively constructed from
a d-simplex by a sequence of stacking operations.
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Apollonian packings and stacked polytopes

Theorem

If a disk packing is Apollonian, then its tangency graph is stacked
3-polytopal. If a graph is stacked 3-polytopal, then it is disk packable with
an Apollonian disk packing.

In higher dimenstions if a d-ball packing is Apollonian, then its tangency
graph is stacked (d + 1)-polytopal.
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Graphs in the form of Kd ⋆ Pm
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Graphs in the form of Kd ⋆ Pm

(i) K2 ⋆ Pm is 2-ball packable for any m

Katarzyna Król Ball Packing May 25, 2023 23 / 34



Graphs in the form of Kd ⋆ Pm

(ii) Kd ⋆ Pm is d-ball packable if m ≤ 4
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Graphs in the form of Kd ⋆ Pm

(ii) Kd ⋆ Pm is d-ball packable if m ≤ 4
Diameter B:

2

κB
=

d − 1

d
< 1,

Diameter E:
2

κE
=

d − 1

d
< 1,

so diameter B + diameter E < 2.

Katarzyna Król Ball Packing May 25, 2023 25 / 34



Graphs in the form of Kd ⋆ Pm

(iv) Kd ⋆ P5 is d-ball packable if and only if d = 3 or 4
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Graphs in the form of Kd ⋆ Pm

(iv) Kd ⋆ P5 is d-ball packable if and only if d = 3 or 4
Diameter C:

2

κC
=

(d − 1)2

d(d + 1)
,

and sum of diameters B, C and E:

2
d − 1

d
+

(d − 1)2

d(d + 1)
=

3d2 − 2d − 1

d(d + 1)

is < 2 only for d ≤ 4.
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Graphs in the form of Kd ⋆ Pm

(iii) Kd ⋆ Pm is not d-ball packable if m ≥ 6
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Graphs in the form of Kd ⋆ Pm

(iii) Kd ⋆ Pm is not d-ball packable if m ≥ 6
Diameter D:

2

κD
=

(d − 1)2

d(d + 1)
,

and sum of diameters B, C, D and E:

2
d − 1

d
+ 2

(d − 1)2

d(d + 1)
= 4

d − 1

d + 1

is < 2 only for d < 3.
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Graphs in the form of Kn ⋆ G

Definition

A d-kissing configuration is a packing of unit d-balls all touching another
unit ball.

Theorem

A graph in the form of K3 ⋆ G is d-ball packable if and only if G is the
tangency graph of a (d − 1)-kissing configuration.

For example, K3 ⋆ G12 is 4-ball packable, K3 ⋆ G24 is 5-ball packable.
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Packing of grid graphs
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Packing of grid graphs - main results

Theorem

A grid graph of dimension d is d-ball packable

Theorem

Zd+1 is not d-ball packable.
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Lorentzian space

Definition

Lorentzian n-space is the inner product space consisting of the vector
space Rn together with the n-dimensional Lorentzian inner product.

Definition

Lorentzian inner product of two vectors x = (x0, x1, ..., xn−1) and
y = (y0, y1, ..., yn−1) has the form

< x , y >= −x0y0 + x1y1 + ...+ xn−1yn−1.
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The end

Questions?
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